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This paper deals with parabolic equation ut = u + |∇u|r − aepu
subject to nonlinear boundary ﬂux ∂u/∂η = equ , where r > 1,
p,q,a > 0. There are two positive sources (the gradient reaction
and the boundary ﬂux) and a negative one (the absorption) in
the model. It is well known that blow-up or not of solutions
depends on which one dominating the model, the positive or
negative sources, and furthermore on the absorption coeﬃcient
for the balance case of them. The aim of the paper is to study
the inﬂuence of the reactive gradient term on the asymptotic
behavior of solutions. We at ﬁrst determine the critical blow-up
exponent, and then obtain the blow-up rate, the blow-up set as
well as the spatial blow-up proﬁle for blow-up solutions in the
one-dimensional case. It turns out that the gradient term makes a
substantial contribution to the formation of blow-up if and only
if r  2, where the critical r = 2 is such a balance situation of
the two positive sources for which the effects of the gradient
reaction and the boundary source are at the same level. In addition,
it is observed that the gradient term with r > 2 signiﬁcantly
affects the blow-up rate also. In fact, the gained blow-up rates
themselves contain the exponent r of the gradient term. Moreover,
the blow-up rate may be discontinuous with respect to parameters
included in the problem due to convection. As for the inﬂuence of
gradient perturbations on spatial blow-up proﬁles, we only need
some coeﬃcients related to r for the proﬁle estimates, while the
exponent of the proﬁle itself is r-independent. This seems natural
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1. Introduction
In this paper we consider the semilinear parabolic equation with inner absorption and a reactive
gradient term
ut = u + |∇u|r − aepu, (x, t) ∈ Ω × (0, T ), (1.1)
subject to nonlinear boundary ﬂux
∂u
∂η
= equ, (x, t) ∈ ∂Ω × (0, T ), (1.2)
and nonnegative initial data
u(x,0) = u0(x), x ∈ Ω, (1.3)
where r > 1, p,q,a > 0, Ω is a bounded domain in RN with smooth boundary ∂Ω , u0 satisﬁes
the compatibility condition. It is well known that the semilinear parabolic problem (1.1)–(1.3) has a
unique classical solution in the maximal existence interval (0, T ). Moreover, if T < ∞, then
limsup
t→T
∥∥u(·, t)∥∥∞ = ∞.
Notice that in addition to the boundary ﬂux (1.2) there is a damping term together with gradient
perturbations reacting in the interior of Ω in (1.1). Let us brieﬂy review related literature. Chipot, Fila
and Quittner [5] considered a semilinear parabolic problem without gradient terms:
⎧⎪⎪⎨
⎪⎪⎩
ut = u − aup in Ω × (0, T ),
∂u
∂η
= uq on ∂Ω × (0, T ),
u(x,0) = u0(x) in Ω,
(1.4)
where p,q > 1 and a > 0, see also [2,21]. It was shown that if p < 2q − 1, the ﬁnite time blow-up
occurs for large initial data; if p > 2q−1, the solutions are globally bounded; if p = 2q−1, then there
exist blow-up solutions for a < q, every solution is globally bounded for a > q, and that solutions are
global but unbounded when a = q and N = 1. Subsequently, as to the blow-up rate, Rossi [22] ob-
tained for the one-dimensional case of (1.4) with Ω = (0,1) that max[0,1] u(·, t) = O ((T − t)−1/2(q−1))
under additional assumptions on initial data.
Recently, the reaction–diffusion equation with inner absorption and boundary ﬂux of exponential
form ⎧⎪⎪⎨
⎪⎪⎩
ut = u − aepu in Ω × (0, T ),
∂u
∂η
= equ on ∂Ω × (0, T ), (1.5)u(x,0) = u0(x) in Ω
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radial blow-up solutions of (1.5) with Ω = BR , there exist C1,C2 > 0 such that
logC1(T − t)−
1
2q max
BR
u(·, t) logC2(T − t)−
1
2q (1.6)
if 2q > p, or 2q = p with a appropriately small. Refer also to [10,17,23] for the results on parabolic
equations with inner absorptions.
During the past two decades, many authors have paid their attentions to nonlinear parabolic equa-
tions with gradient terms in order to investigate the effect of nonlinear convection. In this direction,
a typical example is to determine the critical blow-up exponent for the problem
⎧⎨
⎩
ut = u − |∇u|q + up in Ω × (0, T ),
u = 0 on ∂Ω × (0, T ),
u(x,0) = u0(x) in Ω
(1.7)
with p,q > 1 [7], which was further studied in [9,16,20,21,24,25,27]. It was shown in [27] that the
blow-up occurs if and only if q < p. The corresponding Cauchy problem was considered also, see [3,
27,28]. Under the subcritical case q < 2p/(p + 1) with suitable assumptions on Ω , p and initial data,
the blow-up rate was estimated as (see [4,6,11,29])
u(x, t) C(T − t)− 1p−1 , (1.8)
which is the same as for the well-known model
ut = u + up in Ω (1.9)
with p > 1. For 2p/(p+1) < q < p, though the blow-up rate is unknown, the spatial blow-up proﬁles
of (1.7)1 are actually more singular than those of (1.9) if N = 1, as mentioned in [6].
For the convection–reaction–diffusion equation
ut = u + a · ∇
(
uq
)+ up in Ω × (0, T ) (1.10)
with p,q > 1, 0 = a ∈RN , it was proved that the blow-up occurs for large initial data if q < p [1,18].
In the subcritical case of q < (p + 1)/2, it was obtained in [11] that the blow-up rate for (1.10) has
the form of (1.8) also.
In [14], as a consequence of the dead-core rate for an absorption problem, Guo and Souplet dis-
covered for the blow-up problem
⎧⎪⎨
⎪⎩
ut = uxx − a|ux|2/u + up, (x, t) ∈ (−1,1) × (0, T ),
u(−1, t) = u(1, t) = 1, t ∈ (0, T ),
u(x,0) = u0(x) 1, x ∈ (−1,1),
(1.11)
with p > 1 and a  0 that there is a threshold phenomenon roughly described as: the blow-up rate
is natural if 0  a  p, but is faster when a > p. Furthermore, a less singular spatial blow-up pro-
ﬁle occurs for a > p. Before their work, the fast blow-up was only observed in the supercritical
higher-dimensional cases for parabolic problems without convection. So, it appears that the gradi-
ent perturbations lead to these unexpected results. For the effect of gradient terms on blow-up, see
also a survey [26].
S. Zheng, W. Wang / J. Differential Equations 247 (2009) 1980–1992 1983The aim of this paper is to explore whether and in what extent the reactive gradient term affects
the blow-up behavior of solutions for problem (1.1)–(1.3). Denoting
μ = max(r,2), (1.12)
we characterize the critical blow-up exponent to problem (1.1)–(1.3) as follows:
Theorem 1.
(i) If μq > p, the solutions of (1.1)–(1.3) blow up in ﬁnite time for large initial data.
(ii) If μq < p, the solutions of (1.1)–(1.3) are globally bounded.
(iii) Assume μq = p. If
⎧⎨
⎩
a q when 1 < r < 2,
a < q + 1 when r = 2,
a 1 when r > 2,
then blow-up in ﬁnite time occurs for large initial data; if
a >
⎧⎨
⎩
q when 1 < r < 2,
q + 1 when r = 2,
1 when r > 2,
then all solutions are globally bounded.
Remark 1. Comparing the blow-up criterion in Theorem 1 with that for (1.5) obtained in [31], one can
ﬁnd that the gradient term makes a substantial contribution to the formation of blow-up in (1.1)–(1.3)
if and only if r  2. Clearly, μq  p with r > 2 required for blow-up of solutions in the theorem is
weaker than the corresponding one 2q  p for (1.5) (see Theorem 2.1 of [31]). The critical r = 2 is
such a balance situation where the effects of the gradient reaction and the boundary source are at the
same level, and so under the total balance μq = p (between the positive and negative sources) the
combination of them relaxes the requirement on the absorption coeﬃcient for blow-up in (1.1)–(1.3)
compared with the situations where one of them works alone, namely, a < q + 1 versus either a  q
for 1 < r < 2 (boundary source dominating) or a 1 for r > 2 (convection dominating). In fact, by the
transformation v := eu , problem (1.1)–(1.3) with r = 2 translates to (1.4) with parameters p, q and the
initial date u0 replaced by p + 1, q + 1 and eu0 respectively, and the blow-up results for this case in
Theorem 1 coincide with those for (1.4) [2,5,21].
Remark 2. In the critical case of μq = p, the blow-up criterion will be determined by the absorption
coeﬃcient a. Notice that the critical values of a for identifying global and nonglobal solutions are
independent of the domain considered. Additionally, it should be pointed out that in the critical case
of absorption coeﬃcients with a = q for 1 < r < 2 or a = 1 for r > 2, rather than problem (1.4) without
convection [5], problem (1.1)–(1.3) admits blow-up solutions as well, which can be interpreted as a
consequence of gradient perturbations.
The study for blow-up rates of solutions to (1.1)–(1.3) will be restricted to consider the one-
dimensional case
⎧⎨
⎩
ut = uxx + |ux|r − aepu, (x, t) ∈ (0,1) × (0, T ),
−ux(0, t) = equ(0,t), ux(1, t) = 0, t ∈ (0, T ), (1.13)
u(x,0) = u0(x), x ∈ (0,1).
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Theorem 2. Let u be a solution to problem (1.13) with the blow-up time T , and
ν =
{
2 if r > 2 with μq = p and a = 1,
μ for the other cases of blowing up solutions.
(1.14)
(i) Assume that u′0  0, u′′0 + |u′0|r − aepu0  0 in (0,1). If μq > p, or μq = p with⎧⎨
⎩
a < q/2 when 1 < r < 2,
a < q/2+ 1 when r = 2,
a 1 when r > 2,
(1.15)
then there is a positive constant C0 > 0 such that
u(0, t) logC0(T − t)−
1
νq , t ∈ [0, T ). (1.16)
(ii) Assume that u′0  0 in (0,1). Then
u(0, t) log c0(T − t)−
1
νq , t ∈ [0, T ), (1.17)
for some positive constant c0 .
We will prove that the blow-up set is a singleton with showing the spatial blow-up proﬁle. That
is the following theorem:
Theorem 3. Under the conditions of Theorem 2(i), the blow-up occurs only at x = 0. Moreover, there exist
 ∈ (0,1) and C1,C2 > 0 such that
logC1x
− 1q  u(x, T ) logC2x−
1
q , x ∈ (0, ). (1.18)
Remark 3. Theorem 2 shows that when r > 2, the blow-up rate is discontinuous with respect to
p, q (if a = 1) or a (if μq = p). The similar phenomenon was observed in [13]. Comparing with
problem (1.5) without convection, we can observe that the gradient term signiﬁcantly affects the
blow-up rate also. For example, if r > 2 with 2q  p, the solutions may blow up in both problems
(1.5) and (1.1)–(1.3). However, the blow-up rates are different, namely, estimate (1.6) versus (1.16)–
(1.17). Theorem 3 indicates how the gradient perturbations inﬂuence spatial blow-up proﬁles. It will
be found that the coeﬃcient C2 in (1.18) is related to r (refer to the proof of Theorem 3 in Section 4),
while the exponent −1/q of the proﬁle (1.18) itself is independent of r. This seems reasonable since
the spatial proﬁle for a boundary point blow-up should mainly rely on the exponent q of the boundary
singularity.
Next, we will prove the three theorems in the following three sections respectively.
2. Critical exponent
We establish the critical blow-up exponent to prove Theorem 1 in this section. Let ϕ1 be the ﬁrst
eigenfunction of
ϕ + λϕ = 0 in Ω, ϕ = 0 on ∂Ω
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c1 −∂ϕ1/∂η c2 on ∂Ω
for some c1 > 0 and c2 := maxΩ¯ |∇ϕ1|. Moreover, there exist 
, c3 ∈ (0,1) such that
|∇ϕ1| c1/2 in Ω1 :=
{
x ∈ Ω | dist(x, ∂Ω) < 
},
ϕ1  c3 on Ω2 := Ω \ Ω1.
Proof of Theorem 1. (i) Construct
u(x, t) = log A
[ϕA pμ + (1− ct)]μp
, (x, t) ∈ Ω¯ × [0,1/c), (2.1)
where ϕ = Kϕ1 with
K = max
{
2(ap)
1
2
c1
,
2p(2a)
1
r
rc1
,
1
c3
(
2pa
μλ1
) 1
μ
}
,
A =
(
μKc2
p
) μ
μq−p
, c = apA
p
μ(K A
p
μ + 1)μ−1
.
Following the arguments given in [30] with the classiﬁcation (1.12), one can easily get that u is a
blow-up subsolution of (1.1)–(1.3) with u0(x) u(x,0).
(ii) To prove the global boundedness of solutions, we take a supersolution in the form
u(x, t) = log A
2− e−ϕAp/μ , (x, t) ∈ Ω¯ × [0,∞), (2.2)
where ϕ = kϕ1 with k small enough such that
kλ1 + 2k2c22 + krcr2  a/2p
and
A = max{(kc1)− μp−μq ,2e‖u0‖∞}.
Similarly to the proof presented in [32], it is easy to check with (1.12) that u is a time-independent
supersolution of (1.1)–(1.3).
(iii) We ﬁrst treat the blow-up case. Construct a blow-up subsolution of the form
u(x, t) = log[qφ/√N + (1− ct)]− 1q , (x, t) ∈ Ω¯ × [0,1/c), (2.3)
where φ = CΩ −∑Ni=1 xi with CΩ = maxx∈Ω¯ (∑Ni=1 xi) and c > 0 to be speciﬁed later. Direct compu-
tations show
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q[qφ/√N + (1− ct)] ,
u + |∇u|r − aepu = q[qφ/
√
N + (1− ct)]μ−2 + [qφ/√N + (1− ct)]μ−r − a
[qφ/√N + (1− ct)]μ .
By the assumptions on a and the classiﬁcation (1.12), we have
ut u + |∇u|r − aepu in Ω × (0,1/c)
provided that
c 
⎧⎪⎨
⎪⎩
q/(qCΩ/
√
N + 1)r−1 if 1 < r < 2,
q(q + 1− a)/(qCΩ/
√
N + 1) if r = 2,
q2/(qCΩ/
√
N + 1) if r > 2.
In addition, it is obvious that
∂u
∂η
 equ on ∂Ω × (0,1/c).
Let u0(x)  u(x,0). The comparison principle concludes u(x, t)  u(x, t). Clearly, u blows up at the
zero point of φ.
To this end, we consider the global existence of solutions for the critical case. For any σ ∈ (0,1),
deﬁne
g = g(s;σ) = 1
(2+ σ)σ 1+σ (σ − s)
2+σ+ , s 0,
φ = φ(x;σ) = g(d(x)), x ∈ Ω¯,
with d(x) := dist(x, ∂Ω). So, g ∈ C2([0,∞)) is a nonincreasing function satisfying g′(0) = −1, g(0) =
σ/(2 + σ) and g ≡ 0 on [σ ,∞). For σ small enough, let y = y(x) ∈ ∂Ω be the closest point to x in
{x ∈ Ω¯ | dist(x, ∂Ω) < σ }. It follows from Lemmas 14.16 and 14.17 of [15] that
∣∣∇d(x)∣∣= − ∂d
∂η
∣∣∣∣
y
= 1, ∣∣d(x)∣∣ C∂Ω,
where C∂Ω is some constant depending only on the curvature of ∂Ω , and thereby
0 φ  σ
2+ σ , |∇φ|
1
σ 1+σ
(σ − d)1+σ+ , |φ|
1+ σ(1+ C∂Ω)
σ 1+σ
(σ − d)σ+ on Ω¯
with ∂φ/∂η = 1 on ∂Ω . Now, we take a supersolution in the form
u(x, t) = log[c(σ ) − qφ]−1/q, (x, t) ∈ Ω¯ × [0,∞), (2.4)
where c(σ ) = σ 2+qσ/(2+σ) with σ ∈ (0,1) to be determined. One can easily verify that the bound-
ary condition holds with equality and u0(x) u(x,0) provided that σ is small enough. Moreover, we
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u + |∇u|r − aepu = φ[c(σ ) − qφ]
μ−1 + q|∇φ|2[c(σ ) − qφ]μ−2 + |∇φ|r[c(σ ) − qφ]μ−r − a
[c(σ ) − qφ]μ .
Deﬁne
Γ (x;σ) = φ[c(σ ) − qφ]μ−1 + q|∇φ|2[c(σ ) − qφ]μ−2 + |∇φ|r[c(σ ) − qφ]μ−r, x ∈ Ω.
Let us continue with the case 1 < r < 2 ﬁrst. Noticing μ = 2 here, we have for σ suﬃciently small,
Γ (x;σ)  c(σ )[1+ σ(1+ C∂Ω)]
σ 1+σ
(σ − d)σ+ +
q(1− σC∂Ω)
(2+ σ)σ 2+2σ (σ − d)
2+2σ+ +
(
c(σ )
)2−r

(
c(σ )[1+ σ(1+ C∂Ω)]
σ
+ q(1− σC∂Ω)
2+ σ
)
+ (c(σ ))2−r
:= I1 + I2.
Clearly, I1 → q and I2 → 0 as σ → 0, whence a > q enables us to choose σ small enough such that
u + |∇u|r − aepu  0. Observing I2 = 1 if r = 2, we can get the same conclusion for r = 2 with
a > q + 1 also.
If r > 2, then
Γ (x;σ) 1+ σ(1+ C∂Ω)
σ
(
c(σ )
)r−1 + q(c(σ ))r−2 + 1
for σ small enough. With r > 2, the ﬁrst two terms on the right both tend to zero as σ → 0. Accord-
ingly, a > 1 guarantees u + |∇u|r − aepu  0 provided σ is close enough to zero.
In summary, we have shown the global boundedness of solutions to (1.1)–(1.3) included in the
case (iii). 
3. Blow-up rate
We study in this section the speed at which the blow-up solutions tend to inﬁnity as t approaches
the blow-up time T . The proof of the related results is given below.
Proof of Theorem 2. (i) Since u′0  0, u′′0 + |u′0|r − aepu0  0 in (0,1), the maximum principle yields
that ux < 0 in [0,1) × (0, T ) and ut > 0 on [0,1] × [τ , T ) for any τ ∈ (0, T ). Inspired by [8], we
consider the function
Φ = ut − ε|ux|ν in (0,1) × (τ , T )
with τ ∈ (0, T ) and ε ∈ (0,1) to be determined. A straightforward calculation reveals that
Φt − Φxx + r|ux|r−1Φx + apepuΦ = εap(ν − 1)|ux|νepu + εν(ν − 1)|ux|ν−2u2xx  0
in (0,1) × (τ , T ). In addition, Φx(1, t) = 0 and
−Φx(0, t) =
(
qequ(0,t) − ενe(ν−1)qu(0,t))Φ(0, t)
+ ενe(2ν−1)qu(0,t)
(
q
ν
e−(ν−2)qu(0,t) + e−(ν−r)qu(0,t) − ae−(νq−p)u(0,t) − ε
)
1988 S. Zheng, W. Wang / J. Differential Equations 247 (2009) 1980–1992for t ∈ (τ , T ). If μq > p, then ν = μ = max(r,2) by (1.14) and (1.12). We have
−Φx(0, t)
(
qequ(0,t) − ενe(ν−1)qu(0,t))Φ(0, t) (3.1)
provided ε min(q/4,1/2) and τ (independent of ε) is close enough to T . If μq = p with a taken
in (1.15), we know via a classiﬁcation analysis on ν and μ that the conclusion (3.1) holds as well
provided
ε 
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q/2− a when 1 < r < 2,
q/2+ 1− a when r = 2,
1− a when r > 2, a < 1,
q/2 when r > 2, a = 1.
For ﬁxed τ ∈ (0, T ), ut(·, τ ) > 0 on [0,1] allows us to choose ε suﬃciently small such that
Φ(x, τ ) = ut(x, τ ) − ε
∣∣ux(x, τ )∣∣ν  0, x ∈ (0,1).
By the comparison principle (see e.g. Theorem 2.1 on p. 145 of [19]), we have ut  ε|ux|ν on [0,1] ×
[τ , T ). In particular,
ut(0, t) εeνqu(0,t), t ∈ [τ , T ),
which leads to the desired upper bound estimate (1.16) upon integration over (t, T ).
(ii) In order to obtain the lower estimate (1.17), we use a modiﬁed version of rescaling techniques
as performed in [12], where the arguments deal with estimates of blow-up time to the rescaled
function, instead of passing to the limit as usual in the ﬁnal step of rescaling. This is translated into a
blow-up rate for the original solution.
For ﬁxed t ∈ (0, T ), deﬁne M = u(0, t) and consider the function
φM(y, s) = e(u(e−qM y,e−νqM s+t)−M), (y, s) ∈
(
0,eqM
)× (0, S∗),
with S∗ = (T − t)eνqM . Clearly, φM blows up at s = S∗ . It is not hard to verify that
(φM)s = e−(ν−2)qM
(
(φM)yy − |(φM)y|
2
φM
)
+ e−(ν−r)qM |(φM)y|
r
(φM)r−1
− ae−(νq−p)M(φM)p+1 (3.2)
in (0,eqM) × (0, S∗), while
−(φM)y(0, s) = (φM)q+1(0, s), (φM)y
(
eqM , s
)= 0, s ∈ (0, S∗), (3.3)
φM(y,0) = e(u(e−qM y,t)−M), y ∈
(
0,eqM
)
, (3.4)
with φM(0,0) = 1 and φM(y,0) 1 since (φM)y  0.
Next we estimate the lower bound for the blow-up time of φM by constructing a supersolution
with the blow-up time independent of M in the following three cases respectively:
Case 1. 1 < r < 2.
We know ν = μ = 2 in (3.2) by (1.14) and (1.12). Take a supersolution of the form
w(y, s) = B(S0 − s)−
1
2q
(
nq + (1− ξ)2+
)
, ξ = y(S0 − s)− 12 , (3.5)
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ws = B(S0 − s)−
1
2q −1
(
1
2q
(
nq + (1− ξ)2+
)− ξ(1− ξ)+
)
,
wy = −2B(S0 − s)−
1
2q − 12 (1− ξ)+, |wy|
r
wr−1
 2r B(S0 − s)−
1
2q − r2 ,
wyy = 2B(S0 − s)−
1
2q −1 · χ[0,1](ξ).
To show w is a supersolution to (3.2)–(3.4), it suﬃces to check that
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
n − 4− 2ξ(1− ξ)+  2r+1S1−
r
2
0 e
−(2−r)qM,
2 Bq(nq + 1)q+1, S
1
2
0  eqM ,
nqBS
− 12q
0  1,
(3.6)
which can be achieved by taking n > 9/2, Bq(nq + 1)q+1 = 2 and
S0 = min
(
1, (nqB)2q,
(
(2n − 9)2−(2+r)) 22−r ).
Case 2. r = 2, or r > 2 with μq = p and a = 1.
By (1.14) and (1.12), (3.2) can be rewritten as
(φM)s = (φM)yy − ae−(2q−p)M(φM)p+1
if r = 2 and
(φM)s = (φM)yy − |(φM)y|
2
φM
+ e
(r−2)qM
(φM)r−1
(∣∣(φM)y∣∣r − (φM)r(q+1))
for r > 2 with μq = p and a = 1. Construct w as (3.5) with n = max(9/2,2+ 1/q), Bq(nq + 1)q+1 = 2
and S0 = min(1, (nqB)2q). It can be checked that w is just a supersolution of (3.2)–(3.4).
Case 3. The rest of r > 2.
Here we have ν = μ = r in (3.2). Construct a supersolution in the form
w(y, s) = (2rq)−1(S0 − s)−
1
rq
[
(2rq)
1
r L + 1
2
(L − ξ)2+
]
, ξ = y(S0 − s)− 1r , (3.7)
where L and S0, independent of M , will be speciﬁed later. By a tedious calculation, we have that w
is a supersolution of (3.2)–(3.4) provided⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
(2rq)
1
r −1L − 1
r
ξ(L − ξ)+  S1−
2
r
0 e
−(r−2)qM,
L  (2rq)−q
[
(2rq)
1
r L + 1
2
L2
]q+1
, LS
1
r
0  e
qM ,
(2rq)
1
r −1LS
− 1rq
0  1.
(3.8)
One can easily see that (3.8) actually holds by letting L and then S0 be small enough.
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of φM fulﬁlls S∗ = (T − t)eνqM  S0, which is exactly the desired assertion. 
4. Blow-up set and spatial blow-up proﬁle
This section is devoted to the proof of Theorem 3 concerning the blow-up set and the spatial
blow-up proﬁle.
Proof of Theorem 3. Introduce a function ρ = ρ(x;ν) ∈ C2([0,1]) deﬁned by
ρ(x;ν) =
{
xν, 0 x 1/2,
f (x;ν), 1/2 x 1,
with ρ ′(1) = 0 and ρ ′(x) 0 for x ∈ (0,1). Let
z(x, t) = log C˜[ρ(x) + C(T − t)]− 1νq , (x, t) ∈ (0,1) × (0, T ),
where
C = max
(
ν2 + ν
qr−1
,‖ f ′′‖∞ + 2ν‖ f ′‖2∞ +
(
2ν
νq
)r−1
‖ f ′‖r∞
)
,
C˜ = max((q−r) 1p ,C0C 1νq , (‖ρ‖∞ + CT ) 1νq · e‖u0‖∞).
Then
zt −
(
zxx + |zx|r
)
= C
νq[ρ(x) + C(T − t)]
−
( −ρ ′′
νq[ρ(x) + C(T − t)] +
|ρ ′|2
νq[ρ(x) + C(T − t)]2 +
|ρ ′|r
(νq)r[ρ(x) + C(T − t)]r
)
.
Consequently, we have for (x, t) ∈ (0, 12 ] × (0, T ),
zt −
(
zxx + |zx|r
)
 1
νq[xν + C(T − t)]
(
C − ν
2x2(ν−1)
[xν + C(T − t)]
)
− x
r(ν−1)
qr[xν + C(T − t)]r
 C − ν
2
νq[xν + C(T − t)] −
C˜ p
[xν + C(T − t)]r/2 −ae
pz
if r > 2 with μq = p and a = 1, otherwise
zt −
(
zxx + |zx|r
)
 1
νq[xν + C(T − t)]
(
C − ν
2x2(ν−1)
[xν + C(T − t)] −
νxr(ν−1)
qr−1[xν + C(T − t)]r−1
)
 1
νq[xν + C(T − t)]
(
C − ν2 − ν
qr−1
)
 0.
Similarly, for (x, t) ∈ [ 12 ,1) × (0, T ),
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(
zxx + |zx|r
)
 1
νq[ f (x) + C(T − t)]
·
(
C − ‖ f ′′‖∞ − ‖ f
′‖2∞
[ f (x) + C(T − t)] −
‖ f ′‖r∞
(νq)r−1[ f (x) + C(T − t)]r−1
)
 1
νq[ f (x) + C(T − t)]
(
C − ‖ f ′′‖∞ − 2ν‖ f ′‖2∞ −
(
2ν
νq
)r−1
‖ f ′‖r∞
)
 0.
In addition, z(x,0) log C˜(‖ρ‖∞ + CT )−
1
νq  u0(x), zx(1, t) = 0 because ρ ′(1) = 0, and
z(0, t) = log C˜C− 1νq (T − t)− 1νq  logC0(T − t)−
1
νq  u(0, t)
thanks to (1.16). Hence u  z on [0,1] × [0, T ) by comparison, which means
u(x, t) log C˜ρ(x)−
1
νq , x ∈ (0,1], (4.1)
whereby x = 0 is the only blow-up point.
To prove the latter assertion, we ﬁrst claim that there exists t1 ∈ [0, T ) such that
∥∥ux(·, t)∥∥∞ = ∣∣ux(0, t)∣∣= equ(0,t), t ∈ [t1, T ). (4.2)
Indeed, considering the function Ψ := −ux , we have⎧⎪⎨
⎪⎩
Ψt = Ψxx − rΨ r−1Ψx − apepuΨ, (x, t) ∈ (0,1) × (0, T ),
Ψ (0, t) = equ(0,t), Ψ (0, t) = 0, t ∈ (0, T ),
Ψ (x,0) = −u′0(x) 0, x ∈ (0,1),
and Ψ (0, t) → ∞ as t → T since u blows up at x = 0. Also, ut  0 leads to Ψt(0, t)  0. There-
fore, there exists t1 ∈ [0, T ) such that Ψ (0, t)max[0,1] Ψ (·,0) for any t ∈ [t1, T ), and consequently,
Ψ (0, t) = max[0,1]×[0,t] Ψ by the strong maximum principle, from which (4.2) follows.
Noticing that x = 0 is the only blow-up point, we can choose t¯ ∈ [t1, T ) fulﬁlling u(1, t) + 1/q <
u(0, t) for any t ∈ (t¯, T ), whence there exists x0(t) ∈ (0,1) such that u(x0(t), t) + 1/q = u(0, t). As
ux < 0 in (0,1) × (t¯, T ), the implicit function theorem implies that x0(t) is unique and continu-
ous. Moreover, the uniqueness of blow-up points guarantees that x0(t) → 0 as t → T . Now we have
by (4.2) that
−ux(x, t) equ(x0(t),t)+1  equ(x,t)+1, (x, t) ∈
[
0, x0(t)
]× (t¯, T ). (4.3)
An integration of (4.3) yields
e−qu(x0(t),t)  e−qu(0,t) + qe(x0(t))= e−qu(x0(t),t)−1 + qe(x0(t)), t ∈ (t¯, T ),
and thus u(x0(t), t) logC1(x0(t))−
1
q with C1 = ((e− 1)/(qe2))1/q . Together with ut  0, we obtain
u
(
x0(t), T
)
 logC1
(
x0(t)
)− 1q , t ∈ (t¯, T ). (4.4)
Since x0(t) is continuous and x0(t) → 0 as t → T , the range of x0 in (t¯, T ) contains an interval of the
form (0, ). Combining (4.4) with (4.1), we arrive at the conclusion immediately. 
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